We investigated small-scale hydraulic power actuation systems using a system level analysis, where smallscale refers to systems generating 10 to 100 Watts output power, to determine whether the high power density advantage of hydraulics holds at small sizes. Hydraulic actuator system power density was analyzed with simple physics models and compared to an equivalent electromechanical system comprised of off-the-shelf components. Calculation results revealed that high operating pressures are needed for small-scale hydraulics to be lighter than the equivalent electromechanical system. The analysis was limited to the actuator and conduit as those are the components that must be located on the mechanism. A complete comparison should add the weight and efficiency of the power supply.
increasing the pressure. The maximum power density in a hydraulic system is largely determined by the design of the containing structures and the seals.
There has been recent interest in portable, wearable powered systems including powered exoskeletons and powered orthotics [3, 4] . Examples of mobile systems in the 10 to 100 W range include ankle foot orthotics, small robots and powered hand tools. These devices are usually powered by electromechanics, typically a lithium-ion battery, DC motor and transmission. Little work has been done on using hydraulics for these applications because off-the-shelf tiny hydraulic components do not exist.
Love [5] demonstrated an application of small scale hydraulics by prototyping a prosthetic finger. Pressure as high as 138 bar (2000 psi) was used to operate 4 mm hydraulic cylinders. Another example is a novel endoscope [6] . Two systems were studied, hydraulics and electric. The results showed that the hydraulic system had larger output force for the same space.
A barrier for increased hydraulic power density at reasonable efficiency is the seals. Too tight and friction dominates. Too loose and the pressurized fluid will leak past the seal. Volder et al. developed a ferrofluid seal for microactuators that was able to seal to 1.6 MPa (230 psi) without leakage [7, 8] , but this approach does not work at higher pressures.
While microfluidics have advanced, they do not inform our problem as microfluidic systems operate well under 1 W and our systems of interest are 10 to 100 W. Reviews of microfluidics components are given in [9] [10] [11] . As shown in [11] , micro fluid power cylinders can generate 1 to 10 N but their strokes are under 10 mm.
Designers might chose hydraulics for tiny, mobile powered systems because the same power density advantage of hydraulics over electromechanical should hold for a powered orthosis as it holds for an excavator. The story, however, is complex because the scaling laws are not intuitive. For example, in a cylinder, force is proportional to area while weight is proportional to volume. Surface effects such as friction drag of seals and viscous drag of gaps become significant at small bores and impact overall efficiency. On the other hand, the thickness, and thus the weight, of a cylinder wall required to contain a fixed pressure goes down with bore. The final weight of a hydraulic system at small scale cannot be determined by proportionally scaling the weight of a large system and determining for equal efficiency, which is lighter a fluid power or an electromechanical system for a tiny system cannot be answered using intuition.
The aim of this study was to use first principles to understand how the weight and other properties of hydraulic systems change with size and to answer the question, "When is a hydraulic solution lighter than an electromechanical solution for tiny, powered systems?" Our goal was to provide guidelines that mechanical designers could use at the early stages of evaluating architectures for small systems. Empirical and analytical equations were used to model hydraulic and electromechanical systems, connecting the methods to real components wherever possible. The result of the analysis showed that for equal output power and system efficiency, a hydraulic solution will be lighter than an electromechanical solution only if the hydraulic system operates at high pressure.
Benchmark System
The top row of Fig. 1 illustrates the architecture of a generic mobile actuation system that contains a power supply, a means of control, a transmission line and an actuator located at the end-point. For this study, we considered systems that delivered force and velocity along a linear axis. For example, this could be a powered knee prosthesis with the joint driven by a linear actuator mounted behind the knee or a tiny powered gripper driven by a linear actuator.
The electromechanical realization (middle row of Fig. 1 ) includes a battery power supply, a PWM motor controller, wire, a brushed or brushless DC electric motor and a ball screw to convert the high velocity, low torque output of the motor to a low velocity, high force linear output. The ball screw was chosen because it is lighter and more efficient than the equivalent gear box, and it converts rotary to linear motion, which provides a fair comparison to the hydraulic system. The hydraulic version (bottom row of Fig. 1 ) includes a battery or internal combustion engine driven pump to generate pressured fluid, a servovalve, pipe or hose and a hydraulic cylinder. Other realizations are possible.
Our analysis only considered the transmission line plus actuator system, the circled components in Fig. 1 . These are the parts of the system that must be located at the point of mechanical output where weight is of greatest concern. For example, for a portable hand tool, the power supply and control can be placed in a backpack or tool belt, but the transmission line and actuator system must be held in the hand. In a real mobile system, the power supply will contribute significantly to the weight and in a real system, the control means will contribute significantly to the efficiency. Comparing electromechanical and hydraulic endpoint components, however, still provides valuable information to the designer looking to minimize weight at the endpoint.
Hydraulic System Analysis
The objective of the hydraulic system analysis was to estimate the weight of an ideal hydraulic cylinder plus the weight of ideal conduit to predict the total weight for a hydraulic system that delivers a specified mechanical force and power output. The weight of components was estimated from a set of theoretical equations developed using basic physics of fluids and solid mechanics.
Hydraulic Cylinder
The simplified hydraulic cylinder used for analysis is illustrated in Fig. 2 and its associated parameters are defined in Table 1 . The cylinder has bore B, stroke S and rated maximum pressure P r . The piston is a disk of uniform thickness t 1 and the cylinder housing is a capped tube with barrel wall thickness t 2 and end cap thicknesses t 3 and t 4 . O-ring seals are assumed for piston and rod. While large hydraulic cylinders use a layered arrangement of cup and backing seals, for tiny cylinders, a simple O-ring is an appropriate design choice. Only uni-direction extension motion is considered with cap side pressure P 1 and rod side pressure zero.
Cylinder and Piston Wall Thickness
The pressure loading scenario to calculate the required cylinder wall and the piston thickness is shown in Fig. 3 where the cylinder rated pressure P m acts everywhere on the wall. The end wall calculations assumed a fixed displacement boundary condition along the end wall circumference. The piston thickness calculation assumed that the rod was fixed and the P m was distributed uniformly across the cap side of the piston and zero pressure on the rod side. These are all worst-case loading conditions. 
which is valid for t 2 < B/6. The cylinder end wall thicknesses t 3 and t 4 , and the piston thickness t 1 were calculated using thin plate formulas [13] 
where G 1 and G 2 are
The thin plate formulas are valid for plate thickness that are less than 1/4 of the plate diameter. The formula used to determine t 4 was that for a round plate containing a central hole.
Using the material yield strength to determine the minimum thickness of a cylinder is a simplification. For larger cylinders, expansion of the cylinder when pressurized due to the elasticity of the material matters because a slight increase in bore will cause leakage past the piston seal. Therefore it is common practice to design walls that are thick enough for the expansion to be insignificant. As the bore size decreases, so does the expansion so for tiny cylinders with thin walls the increased leakage is insignificant.
Rod Diameter
The rod must be sized so that it will not buckle under the maximum compressive load. The required rod diameter was calculated using Euler and JB Johnson buckling formulas [13] , assuming that the rod was fully extended, loaded in compression and carrying the piston force at the maximum rated pressure. The slenderness ratio l 2 ρ 1 dictates whether the Euler or the JB Johnson formula is appropriate. The critical rod slenderness ratio is
where
for a solid round rod. For a slenderness ratio less than the critical value the JB Johnson formula was used
and for other cases, the Euler formula was used
Cylinder Efficiency
The force in the rod is less than the pressure times the area of the piston because of the friction in the piston and rod seals. The cylinder force efficiency, η f is
where F r is the rod compressive force, P 1 is the cap side pressure and A 1 is the cap side piston area [14] . The velocity of the rod is less than the flow divided by the area of the piston because of the leakage through the piston and rod seals. The cylinder volumetric efficiency, η q is
where V r is the rod velocity and Q is the flow into the cylinder [14] .
Equations (10) and (11) are approximations that describe the seal friction [15] and leakage [16, 17] for a rubber O-ring seal with variables defined in Table 2 .
As described in references [15] [16] [17] , the effect of pressure across the seal appears through f s , which varies with pressure because the O-ring tends to extrude into the gap at higher pressure causing higher friction, and in the δ m and s 0 terms for leakage. Table 2 . Symbols used in eqns (10) and (11) VAR DESCRIPTION UNIT Applying eqns (10) and (11) for the piston and the rod yields the estimation of the cylinder force, volumetric and overall efficiency
where F sp is piston seal friction force, F sr is rod seal friction force, V r is rod velocity, Q sp is piston seal leakage and Q sr is rod seal leakage. As shown in Fig. 4 , cylinder efficiency is a strong function of bore size for smaller cylinders. This is because friction and leakage are a function of piston diameter while force and flow are a function of piston area.
Cylinder Weight
The volume of the cylinder is where ∆ V are the adjustments to the volume due to the inlet, outlet and rod openings. For simplicity, only the rod opening volume will be included as the inlet and outlet openings is balanced by the volume of fittings.
Assuming the same material is used for the cylinder wall, piston and rod, the weight of the cylinder is
Validation
To validate the O-ring friction (10) and leakage (11) models, a test stand was built to collect corresponding experimental data for 4, 6 and 9 mm cylinders. A single O-ring seal was mounted on a ram, which was used to raise a constant load. The cylinder chamber underneath the ram was pressurized by a small hydraulic pump. When the cylinder reached full extension, the pump was shut off and a needle valve cracked to create different ram descending speeds at constant chamber pressure. The chamber pressure and the ram speed were sensed by a pressure transducer and a linear potentiometer whose output was conditioned and sampled at 100 Hz.
The comparison between the measured and the theoretical O-ring force efficiency for the 9 mm bore cylinder is shown in Fig. 5 , and is representative of the data for the 6 mm and 4 mm cylinders. In Fig. 5 , the minimum and maximum theoretical efficiency lines were generated using the maximum and the minimum reasonable friction coefficient f s between the O-ring and the cylinder wall. The higher piston speeds resulted in higher efficiency, which indicates that the lubrication between the O-ring and the cylinder wall shifted from mixed lubrication to hydrodynamic lubrication as the piston speed changed from 1 mm/s to 20 mm/s. Fig. 6 demonstrates that the O-ring force efficiency model is valid for different bore sizes and different chamber pressures.
Because leakage model (11) predicts essentially zero leakage for the experiment, it was not possible to quantify the dynamic leakage directly. Instead, two observations from the experiment served to validate the zero leakage prediction. First, no visible leakage was seen during the piston ascending and descending periods, and second, the O-ring was leak free when the the cylinder was loaded because no motion was observed for 24 hours.
To validate the calculation of estimated cylinder weight based on the theory presented in the previous sections, (17) was used to predict the weight of commercially available cylinders. Catalog data for 187 hydraulic cylinders from several manufacturers (Airpot, Beily, Bimba, Hercules, Prince) were used to build a database of rated pressure, bore, stroke and weight for real products. For the analysis, the cylinder material was assumed to be 304 stainless steel, which provided the yield strength, Young's modulus, Poisson's ratio and material density for the equations. (A real cylinder would be fabricated from several materials.) The safety factor N was set to 2 as this was the value found in two of the vendor catalogs. Common parameters were used for O-ring seal and hydraulic oil: 10% for squeeze ratio, 10 MPa for O-ring Young's modulus, 1 mm for O-ring seal cross-section diameter and 0.1 Pa·s for fluid viscosity. The pressure, bore, stroke, material properties and safety factor were used to calculate the theoretical wall thickness, volume and weight for the cylinder. The theoretical weight was then compared to the actual weight for the cylinder. Fig. 7 shows the results. If the theory held for real cylinders exactly, all data points would lie on the solid line. The figure shows that real cylinders are somewhat lighter than their predicted weight for heavier cylinders, and somewhat heavier than their predicted weight for lighter cylinders (see inset.) The latter is likely because for the smallest cylinders, the weight of fittings and mounting hardware, not accounted for by the theory, become a significant fraction of the total weight.
Hydraulic Conduit
For smooth pipes, the approximate fluid flow equations are [18] 
Using (18)- (22), the pipe efficiency is The pipe weight can be calculated once the pipe wall thickness is found using the thin-walled cylinder formula [12] 
where t 5 is wall thickness, N is design safety factor, and S y is pipe material yield strength. For this analysis we assumed that the pipes, like the cylinders, were fabricated from 304 stainless steel. The weight of the pipe is
where ρ p is the pipe density. The weight of the oil in the pipe is
where ρ f is the oil density. The pipe efficiency η p , inlet pressure P 2 and fluid flow rate Q p were calculated using η p = η sys η cyl (27)
where η sys is the desired overall efficiency, η cyl is the cylinder efficiency, F r is rod force and V r is rod velocity. Fig. 8 shows an example of the hydraulic conduit efficiency calculations. As expected, the efficiency of the hose only matters when running at high power and low pressure because under these conditions the flow rate is high, which results in a significant pressure drop. Our calculations (not shown) demonstrated that for most tiny hydraulic systems, the weight of the conduit is much smaller than the weight of the cylinder and can be ignored when doing approximate predictions of total system weight. Fig. 9 illustrates how the weight of the hydraulic system is calculated. First, the output force, output velocity and stroke length are specified by the application requirements. Using this information, cylinder weight, efficiency, bore and rod diameter are calculated. Using the overall system efficiency of the equivalent electromechanical system, the hydraulic pipe inlet power and efficiency is calculated then hydraulic pipe inlet pressure is calculated for a given cylinder operating pressure. Next hydraulic pipe inlet flow rate is calculated using inlet power and pressure, then the hydraulic pipe diameter using inlet pressure, inlet flow rate, pipe efficiency and pipe length information, as shown in eqn (23). With these numbers, pipe weight is calculated. Finally, total system weight is calculated by summing weights of the cylinder, pipe and hydraulic oil contained in the cylinder and pipe. 
Hydraulic System Weight

Electromechanical System Analysis
The electromechanical system includes wire for the transmission line, a DC electric motor and a ball screw. Unlike hydraulic components, electromechanical components for small-scale applications are readily available. Therefore, rather than using theoretical methods, the approach to estimating the total weight of an electromechanical solution was to develop a set of empirical equations that captured the scaling of component weight and efficiency with load or power based on the properties of high-end, commercially available electromechanical components captured from company catalogs.
DC Electric Motor
The key system-level parameters for DC electric motors are weight and efficiency. Brushless, permanent magnet DC motors were chosen because for small precision applications they have the highest efficiency and highest power density. Power, weight and efficiency data for 192 motors from two manufacturers (MicroMo Electronics Inc. and Maxon Motor) were collected. The power for a motor was taken as the peak continuous mechanical output power and the efficiency was the electrical power in to mechanical power out maximum efficiency at the nominal voltage. Fig. 10 plots motor weight versus motor power and Fig. 11 plots motor efficiency versus power for the motor data set.
For modeling purposes, empirical equations were created to bound motor properties. The lower curve in Fig. 10 is the lower bound of motor weight. Using this curve in a system analysis means that one is looking for the lightest available motor for a given power. The upper curve in Fig. 11 is the upper bound of motor efficiency. Using this curve in an a system analysis means that one is looking for the highest efficiency motor for a given power. The two bounding curves are where W m is motor weight, η m is motor efficiency and P m is motor power.
Ball Screw
The ball screw converts the motor rotary power to low speed, high force linear power. The weight of a ball screw is related to its rated dynamic load and stroke length. Weight does not depend on rated velocity assuming the ball screw operates within its rated velocity. Rated dynamic load, stroke length and weight data were collected from catalog data for 82 ball screws from one manufacturer (Nook Industries). Fig. 12 shows weight as a function of rated load for two strokes, and an empirical equation for the lower bound of weight as a function of load and stroke was developed from the data
where W bs is ball screw weight, F bs is ball screw rated dynamic load, and S bs is ball screw stroke length. The equation is the solid line in Fig. 12 .
The transmission equations for the ball screw are
where T m is motor shaft torque, F bs is ball screw force, L bs is the transmission ratio, η bs is ball screw efficiency, ω m is motor shaft velocity and V bs is ball screw linear velocity. The ball screw efficiency was assumed to be 90%, which is typical for a high performance component. To simplify the electromechanical systems analysis, a fixed transmission ratio of 1 mm/rev was assumed for the ball screw. 
Wire
The weight of wire can be significant when the wire is long, which would be the case when the battery is located some distance from the motor. High efficiency wire has large diameter but is heavy. The voltage drop across a length of electrical wire is [19] 
where K w is wire specific resistance, P w is wire input power, U w is wire input voltage, L w is wire length and D w is wire diameter. Thus, wire efficiency is
High wire efficiency results in a large wire diameter and thus a large wire weight. In contrast, low wire efficiency means the wire must dissipate a considerable amount of thermal energy, which can melt the insulation. To prevent the system level weight optimization algorithm from suggesting either extreme, the wire efficiency was fixed at 99%, which is realistic for many systems. Inverting (36) provides an equation for wire diameter
and the weight of the wire, without considering the insulation layer, is
where W w is wire weight, and ρ w is the density of the wire material. The analysis assumed copper wire with density 8960 kg/m 3 and specific resistance 17 nΩm. Fig. 13 illustrates the approach for calculating the weight of the electromechanical solution. The application requirements set the ball screw output velocity, force and stroke. The ball screw weight is then calculated using (32). The electric motor shaft power is calculated from using (33) and (34). This determines the motor weight and efficiency according to (30) and (31). Next, the input power to the wire is determined from
Electromechanical System Weight
and then the wire diameter and wire weight are calculated from (37) and (38). The system weight is the sum of the ball screw, motor and wire weights. The overall electromechanical system efficiency is
Method to Compare Hydraulic and Electromechanical Systems
With the ability to calculate hydraulic and electromechanical system weight and efficiency for a given application the two realizations can be compared to determine which will be lighter. The method used for the comparison was to: (1) Establish the design problem by specifying a system force and power (or force and velocity), and linear excursion. (2) Design an electromechanical solution using the empirical bounding equations as a stand-in for the best-available DC brushless motor and ball screw. (3) Calculate the efficiency of the resulting electromechanical system. (4) Design a comparable hydraulic system with the same force, power and stroke design requirements and the same efficiency. (5) Calculate and compare the weights of the electromechanical and hydraulic solutions. An application was implemented in Matlab to facilitate the calculations.
Results
Weight comparison examples are shown in Figs 14-21 . Figs. 14-19 show system weight for a mechanical output power of 100 W and 10 W for various configurations of velocity, stroke length and transmission line length. The nominal voltage for the motors in the database ranged from 6 to 48 V but for this analysis 24 V motors were used. Motor voltage has some, but not a significant effect on the electromechanical system weight because as the voltage decreases, the system weight will increase due to the wire diameter increasing to accommodate the increase in current at the same efficiency.
Operating pressure has a significant influence on the weight of a hydraulic system. Fig. 20 shows the weights of hydraulic systems running at three pressures compared to the weight of the equivalent electromechanical system for three output power conditions with an output velocity of 10 mm/s. The 100 psi hydraulic system is heavier than the equivalent electromechanical system while the 500 psi and 1000 psi systems are lighter. Fig. 21 shows the operating pressure required for the hydraulic system to have the same weight as the equivalent electromechanical system for three output powers. Pressures higher than the line will result in a lighter hydraulic system and pressures below the line will result in a heavier hydraulic system.
Design Example
A powered ankle foot orthosis (AFO) is a device that helps people with muscle deficiency to lift their toe or push off while walking [20] . The AFO was chosen as the design example because of its challenging requirements. Large torque and large power is required during the push off phase of gait but the weight of the AFO on the ankle must be less than 2 kg to not influence leg swing dynamics. Fig. 22 shows ankle torque and velocity for one step when walking at normal speed. The vertical dot-dash line marks the point during the gait cycle where the ankle produces maximum power with torque 90 Nm and velocity 100 deg/s. This occurs just before toe-off and the AFO was designed to match this power. Fig. 23 shows the placement of a single hydraulic cylinder for the conceptual design of a powered AFO. The cylinder is oriented to extend for ankle plantar flexion to take advantage of the larger cap side piston area compared to the rod side. To reduce the AFO package size, in the neutral position, a moment arm of 8 cm was assumed. The ankle range of motion is 20 o in dorsi-flexion and 50 o in plantar-flexion for a total of 70 o [22] . To minimize the weight carried on the ankle, the hydraulic power supply was assumed to be carried at the waist, separated from the actuator by a 1 m hydraulic hose. The cylinder stroke length, maximum output force, maximum output velocity and maximum output power were derived from the geometry
where S i and S f are the initial and final distance between the cylinder mounting point A and B (Fig. 23) , θ i = 70 o and θ f = 140 o are the ankle angles corresponding to S i and S f , and a and b are fixed at 10 cm. The system specifications from equations (42) -(47) were used in equations (1) -(41) along with the methods described in Section 5 to compute the theoretical weight of the electro-mechanical and hydraulic AFO components for the design example. The results are shown in Table 3 . At 200 psi the hydraulic system will be about the same weight as the equivalent electro-mechanical system but at 500 psi it will be about one half the weight. While the 500 psi cylinder and hose must have thicker walls to accommodate the higher pressure, the bore size to achieve the same force is smaller at 500 psi resulting in overall lighter components.
Discussion
The key result of this study is that for applications where the output power is less than 100 W a hydraulic solution will be lighter than the equivalent electromechanical solution only if the hydraulics runs at high pressure. For example, Fig. 20 shows that a 100 W electromechanical system is predicted to weigh 428 g while a 100 W hydraulic system running at 1000 psi is predicted to weigh 63 g, about seven times lighter. While the exact numbers are system dependent (for example, as the power source is placed further away, the drag in small hydraulic lines become significant,) the conclusion is clear: for tiny, light hydraulic systems the operating pressure must be high.
There is an upper limit on the pressure. For equal force, the higher the pressure the smaller the bore of the cylinder but Fig. 4 shows that efficiency rapidly drops if the bore becomes too small. Low efficiency is problematic because a large, heavy power source is needed to provide the energy required by the application and because the wasted energy results in heating that cannot be carried away by the tiny amount of circulating fluid. Thus, efficiency considerations lead to an effective lower limit on size, about 4 mm, and therefore an upper limit on pressure.
Because tiny high pressure hydraulic components are not available, small hydraulic systems are currently run at low pressures, often using pneumatic components that are small and light but generally limited to about 200 psi. (One exception is the small custom cylinder for the prototype prosthetic finger by Love [5] .) Thus, there is a need for small components that operate at high pressures and are at the weight predicted by Eqns. (17) and (25).
The limitation of this study is that it ignores the power supply and control means, which are significant components of the complete system. Analyzing only the distal components still provides guidance to the designer for two reasons. First, it is often the distally mounted components that are most weight sensitive and second, including the power supply and control would not change the main conclusion which is that tiny hydraulics should be run at high pressure to minimize weight.
Turning to the complete hydraulic system, hydraulic power supplies are typically large and heavy and traditional throttling control valves are inefficient. For truly lightweight, low power, mobile systems such as powered hand tools and powered orthotics, compact sources of high pressure fluid using pumps driven by battery powered electric motors or by tiny, high power density internal combustion engines are needed. Tiny cartridge piston pumps are available but have a modest efficiency of about 30% at 500 psi. There is also a need for tiny, high pressure, low flow hydraulic control valves that operate in an efficient on-off switching mode. The common PWM drivers for electric motors are efficient but have no equivalent in fluid power. Low-pressure, low flow digital MEMS valves are used in micro-fluidics, but are not suitable for transmitting power in the one to 100 W range.
Other problems with tiny hydraulics for human-scale applications that must be solved include leakage of oil into the environment, which calls for developing low friction, leakless seals; cavitation of the fluid, which may be a significant problem for oil running through small passages at low pressure and high velocity; and creating designs that integrate structure, conduit, valving and cylinders to minimize weight by eliminating fittings.
